We put forward three simple algorithms to generate the Kochen-Specker sets used for the parity proof of the Kochen-Specker theorem in three-qubit system. These algorithms enable us to generate 320, 38 and 40 rays, respectively. No any computer calculation is required, every step in the algorithms is determined by the method of picking the rays that repeat 4 times in the KS sets.
ious proofs of KS theorem, the connection between the KS and Bell's theorems becomes one of the interesting research topics. Contextuality is a more general concept than nonlocality and it has been shown that every KS set can derive a maximally violated Bell inequality [14] . The state-independent noncontextuality inequalities provides a way to test the nonlocality of quantum system [15] . Besides, the investigation on KS theorem also extended to its application on quantum cryptography [16, 17] .
Recently, there are some progresses on the proof of KS theorem in higher dimensions [18, 19] . For eightdimensional three-qubit system, [18, 20] reported the numbers of parity proofs using 36, 38 and 40 rank-1 projectors, i.e., 320, 640 and 64, respectively. We will propose three simple algorithms to generate these KS sets. In some cases [4, 21, 22] , the generation and investigation of huge number of KS sets rely on computer program, our algorithms have advantages of generating 1024 KS sets quick without involving any computer calculation and can be followed easily even by non-physicists. The similar beauty of simplicity is presented in [23] for four-dimensional KS sets.
This Letter is organized as follows. We will firstly introduce 40 sets of 4-rays. We discuss two properties of these sets of rays and their roles in generating bases required to form a KS set. The algorithms of generating eight dimensional KS sets using 36, 38 and 40 rays are then explicated with the aid of examples. The numbers of KS sets that can be generated by these algorithms are also explained based on the steps proposed. Summary given as last portion of this Letter.
A Kochen-Specker (KS) set is a set of rays and bases used to prove the KS theorem. A KS set can be used to perform parity proof if the number of bases is odd and each ray occurs in an even number of times among the bases [20] . Table 3 in [20] gives the types and numbers of KS sets in three-qubit system that can be used for performing parity proof. Adopting the Algorithms I, II and III we propose, the three different types of the KS sets can easily be generated. Table I shows all the 25 bases used in the proof of Kernaghan and Peres [6] for a system of three qubits. The bases are formed by the 40 rays denoted as R i , with i =1, 2, 3, . . . , 40, which are explicitly listed in Table 1 of [6] . Since we will heavily use the Table 2 of [20] , we reproduce it as Table I here. The first 5 bases are pure bases (P B i , 1 ≤ i ≤ 5) and the rest are hybrid bases (HB i , 6 ≤ i ≤ 25). Hybrid bases are formed by an equal mixture of rays from a pair of pure bases [20] . It can be easily seen from Table I that the eight dimensional 40 rays occur once in P B and 4 times in HB. 26 27 28  12 3 4 7 8 17 18 19 20  13 5 6 7 8 9 10 11 12  14 9 10 13 14 19 20 23 24  15 9 11 13 15 27 28 31 32  16 9 12 14 15 34 36 38 39  17 10 11 13 16 33 35 37 40  18 10 12 14 16 25 26 29 30  19 11 12 15 16 17 18 21 22  20 17 19 21 23 26 28 30 32  21 17 20 22 23 35 36 37 39  22 18 19 21 24 33 34 38 40  23 18 20 22 24 25 27 29 31  24 25 28 30 31 33 36 37 38  25 26 27 29 32 34 35 39 40 The three simple algorithms we propose in this Letter generate the bases to form the KS sets from Table  I . By generating the bases we mean picking appropriate bases from Table I that satisfy some prescribed conditions in the algorithms. We illustrate the algorithms by examples. Readers could check the expected features accordingly.
The algorithms explicated in this Letters require the use of 4 rays, Γ ij = {α, β, γ, δ}, from the P B that repeat its 3-element subsets Γ Note that the elements of Γ ij are listed in the ascending order. The complement of Γ ij with respect to the P B i is ¬ Γ ij = P B i − Γ ij , where the rays are again listed in ascending order. In our algorithms, steps proposed based on the sequence, k of the rays repeating 4 times, denoted as Σ k , be chosen. All the ray in Γ ij chosen are Σ k , but the converse is not true.
Due to Property I, each choice of Γ ij will generate 1 P B and 4 HBs, we call this result of choosing Γ ij as Property II. Both Properties I and II guarantee the 4 rays in Γ ij occur 4 times, whereas the rays of ¬ Γ ij in the corresponding P B i repeat for a second time in the HBs generated. The rays that occur once in the 4 HBs are labeled as Λ i , with the subscript denotes which HB it is obtained from. Each of the Λ i has 4 elements and they play important roles in determining Σ k in the subsequent steps.
It is worthy to give an explicit example. Picking Γ 34 = {R17, R21, R22, R23} from Table II 20 and HB 21 and HB 7 , respectively. In Table III , it is obvious that Λ 19 = {R11, R12, R15, R16}, Λ 20 = {R26, R28, R30, R32}, Λ 21 = {R35, R36, R37, R39} and Λ 7 = {R1, R2, R5, R6}.
In the cases where more than one Γ ij are required, as what would happen in both Algorithm II and Algorithm III, one particular P B can offer one and only one Γ ij from Table II . Therefore, for example, while two chosen Γ ij will definitely generate 2 different P Bs, the total number of HB generated would be less than 8, if some of them are overlapping. We will pick only once for the overlapping HB. The number of HB generated determines the number of set for Λ i .
Finding Γ ij and Λ i is essential in all the three algorithms. In Algorithm II and Algorithm III, we also need to find the subsets of Λ i , and the intersections of Λ i (denoted as ∆ i and Ξ i j , respectively in the following). With the aid of these 4 types of the sets of rays, the three algorithms enable us to generate completely the KS sets with 36, 38 and 40 rays for three-qubit system.
Lets begin with Algorithm I. The following steps generate the KS sets of the type 28 2 8 4 -11 8 . The symbol 28 2 8 4 -11 8 means that 28 of the rays occur twice and 8 of the rays occur 4 times in 11 bases [20] . The subscript 8 means that there are 8 rays in each basis. The 11 bases consist of 1 P B and 10 HBs. The existence of 1 P B means that only 1 Γ ij is required. Algorithm I shows us how to pick the 8 rays that occur 4 times, denoted Σ k (k = 1, 2, . . . , 8), in such a way that the other 28 rays in the 11 bases occur twice.
Step 1: Pick the first Γ ij from Table II . Choosing Γ ij means choosing Σ 1 = α, Σ 2 = β, Σ 3 = γ and Σ 4 = δ (Property I). As mentioned previously, Γ ij incurs 1 P B and 4 HBs (Property II). In addition, there , with n = 1 here. We add the superscript n to indicate that the corresponding Λ i are produced after the execution of Step n.
As an example, if we choose Γ 11 , we have
To satisfy Property II, we need to choose HB 6 , HB 7 , HB 8 and HB 10 as well as P B 1 . Thus we obtain 5 bases after executing Step 1. The set of rays that repeat twice in these 5 bases is ¬ Γ 11 = {R4, R6, R7, R8}. We remind ourselves that the rays in Λ We will pick Σ 6 , Σ 7 and Σ 8 from the 3 ∆ i in the subsequent 3 steps.
Step 3: There are 3 ∆ i produced by Step 2 and each of them contains 2 rays. Pick one of the rays from any one of ∆ i as Σ 6 .
As Σ 6 is chosen from ∆ i , that means it already existed twice. Thus Step 3 generates only 2 HBs. In our example, we execute Step 3 by taking the R23 from ∆ 7 as Σ 6 . The second R23 existed in HB 14 . The third and fourth R23 exist in HB 20 and HB 21 , thus HB 20 and HB 21 are newly generated bases.
Step 4: Consider either one of the remaining 2 ∆ i , only 1 ray of it will generates a new HB. Take it as Σ 7 .
It remains ∆ 8 and ∆ 10 in our example. Lets consider ∆ 8 . Thus, R32 is Σ 7 for it generates only HB 25 , the first 3 rays of R32 existed in HB 8 , HB 15 and HB 20 . The ray R31 in ∆ 8 generates no new HB, so it can not be chosen as Σ 7 .
Step 5: Pick those ray from the last ∆ i that occurred 4 times and without generating any new HB as Σ 8 .
It can be easily seen that R35 from ∆ 10 should be taken as Σ 8 in our example because it existed 4 times in the previously generated HB.
In our example, the 11 bases generated are P B 1 , HB 6 , HB 7 , HB 8 , HB 10 , HB 14 , HB 15 , HB 17 , HB 20 , HB 21 and HB 25 (following the order in which they are generated). The 8 rays that occur 4 times are R1, R2, R3, R5, R13, R23, R32 and R35 (following the order in which they are chosen). The remaining 28 rays occur twice in the generated 11 bases.
For Algorithm I, there are 40 ways of choosing the first 4 Σ i from Γ ij in Step 1, 4 ways of choosing Σ 5 in Step 2 and 2 ways of choosing Σ 6 in Step 3, therefore the total number of KS sets in the form of 28 2 8 4 -11 8 , N I , that can be generated by Algorithm I is 40×4×2 = 320. Note that because Σ 7 and Σ 8 in Step 4 and Step 5 are restricted by the Σ 6 chosen in Step 3, they don't contribute to N I .
We now explicates the steps taken in Algorithm II to generate KS sets of the type 24 2 14 4 -13 8 . The 13 bases consist of 3 P Bs and 10 HBs. The existence of 3 P Bs means that 3 Γ ij are required. Algorithm II shows us how to pick the 14 rays that occurs 4 times, Σ k (k = 1, 2, . . . , 14) , in such a way that the remaining 24 rays occur twice in the KS sets generated.
Step 1: Pick the first Γ ij from Table II . This step is the same as Step 1 in Algorithm I. We take the same example as for Step 1 of Algorithm I.
Step 2: Pick the second Γ ij based on one of the Λ 1 i . By adding one appropriate ray, it can be easily seen from Table II that In our example, by adding R9, R10, R11 or R12, Λ In our example, we take Ξ 7 14 and the rays R19 and R21 from ¬ Ξ 7 14 to form Γ 37 , thus Σ 9 = R19, Σ 10 = R21, Σ 11 = R23 and Σ 12 = R24. Due to this choice, only P B 3 , HB 20 and HB 22 are generated, as HB 7 and HB 14 that contain {R21, R23, R24} and {R19, R23, R24} were existed. As a result of choosing Ξ i . These 8 rays constitute the last base of the KS set generated by this algorithm. Adding the last base will give us Σ 13 and Σ 14 .
In our example, the rays that repeat 3 times in Λ 3 22 are R32 and R34, while the rays that occur once are R26, R27, R29, R35, R39 and R40. Therefore, the last base generated from Step 4 is HB 25 , and we have Σ 13 = R32 and Σ 14 = R34.
The 13 bases generated by Algorithm II in our example are P B 1 , HB 6 , HB 7 , HB 8 , HB 10 , P B 2 , HB 14 , HB 15 , HB 16 , P B 3 , HB 20 , HB 22 and HB 25 (following the order in which they are generated). The 14 rays that occur 4 times are R1, R2, R3, R5, R9, R13, R14, R15, R19, R21, R23, R24, R32 and R34 (following the order in which they are chosen). The remaining 24 rays occur twice in the generated 13 bases.
It can be seen from Algorithm II that to generate the KS sets of the form 24 2 14 4 -13 8 , 3 Γ ij that determine Σ k (1 ≤ k ≤ 12) are required. All of the Γ ij in Table II Steps 1 to 3: They are the same as Step 1 to Step 3 of Algorithm II.
As an example, we take Γ 11 , Γ 24 and Γ 37 for the Σ k (1 ≤ k ≤ 12) as what happened in the first 3 steps of example for Algorithm II. Again, at the end of the execution of Step 3 we obtain Λ 
]. The execution of Step 4 generates the fourth P B and another HB.
In our example,
]. Thus, we have Σ 13 = R28, Σ 14 = R30, Σ 15 = R31 and Σ 16 = R32. There are only two newly generated bases, i.e., P B 4 and HB 24 , because HB 8 , HB 15 and HB 20 had been generated in the previous steps.
Step 5: Extract the fifth Γ ij from (Λ
5 to obtain Σ 17 , . . . , Σ 20 . There is only one value remained for i in Λ 5 . We obtain the fifth Γ ij from [(Λ 8 , N III , that can be generated using Algorithm III is 8 × 4 × 2 = 64.
In summary, we have put forward three simple algorithms to completely generate all of the KS sets in eight dimensional system with 36, 38 and 40 rays, respectiely. Each of the algorithm is explained with the aid of an example, and the total numbers of KS sets that can be generated using these algorithms are 320, 640 and 64, respectively, which are agree with the numbers reported in [18, 20] . Our algorithms also provide the reasons for the existence of these numbers.
As our algorithms do not involve any computer calculation, they are very helpful for those who lack of programming skill to generate all of the 1024 KS sets or for those who need only few KS sets anytime and anywhere. The steps in the algorithms are determined by how the rays that occur 4 times in the KS sets being chosen. Table II lists the rays occurring 4 times that can be picked from pure bases (P B), while some others are required to be chosen from hybrid bases (HB). To execute the algorithms, only four types of sets of rays, denoted as Γ ij , Λ i , ∆ i and Ξ i j need to be extracted by inspection.
Step 1 is common in all the three algorithms, whereas Step 2 and
Step 3 in Algorithm III are the same as for Algorithm II. It is thus clear that the simplicity of the algorithms to generate four-dimensional KS sets shown in [23] also exists in the case of eight-dimensional KS sets.
